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Spherical Particle Motion in Harmonic Stokes Flows
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An analytical study is presented on the periodic motion of a small particle in a viscous � uid. Previous analytical
and numerical contributionsto the understandingofparticle motionin time-dependent � ows arereviewed. Previous
works in this � eld addressed the long-term behavior of the particle (stationary solution) as opposed to the problem
treated in this study, which includes initial transient effects. Also presented are the relative scaling of the virtual
mass, Stokes, and history drag forces for the long-term solution followingthe fractional calculus theory.The general
solution of the particle momentum equation for unsteady Stokes � ows is particularized to a harmonic background
� uid velocity. The effect of a nonzero initial relative velocity is studied, and a discussion on the relevance of the
results to the Lagrangian simulation of turbulent multiphase � ows is presented. The present theoretical results
are relevant to the transient motion of small particles in viscous � ows such as the ones found in crystal growth
processes, � uid markers, and dilute turbulent multiphase � ows in general.

Nomenclature
a = radius of the particle
a = dimensionless amplitude of the � uid velocity
b = dimensionless amplitude of the relative velocity
fH = history force
fSt = Stokes force
fVM = virtual mass force
G = gravitational coef� cient, .1 ®/¿pg=U0

g = local gravity acceleration
k = virtual mass coef� cient, 2=.2 C ®/
Rep = particle Reynolds number, aW=º
S = scaling number, ®!=2 D a2Ä=9º
t = time
Ot = dimensionless time, t=¿p

u = dimensionless � uid velocity, U=U0

v = dimensionless particle velocity, V=U0

W = relative velocity, V U
w = dimensionless relative velocity, v u
® = � uid to particle density ratio, ½ f =½p

®c = critical density ratio, 8
5

1x = displacement amplitude of the background � ow
´ = particle to � uid amplitude ratio
´K = Kolmogorov length scale
¹ = dynamic viscosity
º = kinematic viscosity
» = 1x=a
½ = speci� c mass
¿K = Kolmogorov timescale
¿p = characteristic time, 2½pa2=9¹
Á = phase difference
Ä = angular velocity of the background � ow
! = dimensionless angular velocity, Ä¿p

I. Motivation

T HE purpose of this research is to investigate the unsteady mo-
tion of small particles in periodicStokes � ows. Applicationsof

Received 12 May 2000; revision received 16 October 2000; accepted for
publication 19 February 2001. Copyright c° 2001 by C. F. M. Coimbra
and R. H. Rangel. Published by the American Institute of Aeronautics and
Astronautics, Inc., with permission.

¤Assistant Professor, Department of Mechanical Engineering;
coimbra@hawaii.edu. Associate Member AIAA.

†Professor, Department of Mechanical and Aerospace Engineering and
Department of Chemical and Biochemical Engineering and Material Sci-
ences; rhrangel@uci.edu. Senior Member AIAA.

thisproblemmay be foundin the settlingof particlesin colloidalsus-
pensions, in the motion of microbubbles in liquid reservoirs, in the
mechanical behavior of � uid markers, and in several other � ows of
engineering interest, in both laminar and turbulent conditions. The
governing equation that describes the motion of rigid particles un-
der these conditionsis studied and solved analyticallyin the present
work. This is a classical equation in theoretical � uid mechanics1

and represents a useful limiting case for problems lying outside of
the realm of linear � ows.

Crystal growth processes provide some of the most interesting
industrial applications that involve the motion of small particles in
transient creeping � ows. Crystals are grown in a matrix � uid for
a variety of applications in the semiconductor and pharmaceutical
industries.Thepossibilityof growingnear-perfectcrystalsundermi-
crogravity conditions raised the interest of these industries because
microgravitycrystal growth may well be one of the most promising
applicationsof space technologyin the near future. In fact, the most
compelling reason to justify orbital � ights and the constructionof a
space station is that some manufacturing technologies that rely on
diffusive processes would bene� t from low-gravity environments.
To be economically viable, the products of such manufacturing in-
dustries should concentrate high economic value per mass and per
volume besides enjoying a strong bene� t from the microgravity en-
vironment.

The concept behind microgravity growth of crystals is that, un-
der reduced gravity conditons, the growth of crystals eventually
approaches isotropic behavior in the macroscale, provided that the
matrix � uid is kept unperturbed. In theory, larger crystals could be
eventually grown in a microgravity environment because the crys-
tals do not collapse due to their own weight. The challenge in this
case is to seek the most stable conditions for the matrix � uid and to
compensate for the inherent corrective motions of a space unit. To
meet these challenges it is necessary to study the intricate relation-
ship between the matrix � uid and the particles in suspension.

Both the growth of the crystallizingfront and the motionof small,
detached structures in the matrix � uid are approximately described
by the unsteady diffusion equation in semi-in� nite media. In par-
ticular, one may retrieve information on slow-motion currents of
the matrix � uid through study of the behavior of small marker par-
ticles suspended in the matrix. These slow currents caused by the
motion of the crystallizing front and by thermal gradients affect
the homogeneity of the resulting crystals. To improve the quality
of crystals manufactured under microgravity conditions, and to as-
sess the role of low-amplitude disturbances in orbital units, under-
standing of the unsteady diffusion phenomena involved becomes
imperative.
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Recent experimental evidence suggests a much higher occur-
rence of low-amplitude, high-frequency disturbances (g-jitter) in
the Space Shuttle environment than previously expected.2 These
disturbancesare inherentlyperiodic and are likely to be a character-
istic of any space unit. The unsteady effects of these vibrations on
the motion of small particles in the matrix � uid can only be assessed
if the equations that describe the creeping � ow motion of these par-
ticles are understood in detail. The study of these equations, thus,
becomesan importantstep to developimprovedcrystal-growthtech-
nologyandmay prove to be useful to developcorrectiveadjustments
to reduce the effect of vibrations.

Later in this work, we will show that the motion of a 1-mm-
radius spherical crystal of half the density of the matrix � uid is
very stronglyaffectedby history effectswhen experiencinga 60-Hz
g-jitter � eld. The history effects that are originated from the local
accelerationterm in the Navier–Stokes solutionmust be included in
the formulation of the motion of such crystal particles through the
matrix � uid. Inclusion of this important term greatly complicates
the analysis of the problem.

II. Background
The � rst relevant contribution to the study of forces acting on

small particles in a viscous � uid is due to Stokes.3 Stokes derived
the well-known expression for the steady-state drag acting on a
small sphere that is subjected to a constant freestream� ow velocity.
The Stokes drag formula relates the force exerted on the sphere to
the freestream velocity, the viscosity of the � uid, and the radius of
the sphere in a linear way, given that the particle Reynolds number
Rep is maintained much smaller than unity. In fact, the Stokes drag
happens to agree well with experiments4 for values of Reynolds
number Rep up to 1, but this coincidental fact should not be gen-
erally extrapolated to unsteady � ows. However, recent numerical
evidence and a scaling analysis suggest that neglecting the convec-
tive contributionresults in a small error for oscillating � ows at high
Strouhalnumber even for Reynoldsnumber Rep slightly larger than
unity.5

Implicit in Stokes’ derivation is the premise that the particle is
not acceleratingwith respect to the freestreamvelocity. In the grav-
itationally inducedmotion through a quiescent � uid, the freestream
velocityis constant(zero), but the particleacceleratesuntil it reaches
its terminal velocity. In this case, and in many others of practical
interest, the quasi-steadyformulationof the problemincursan error,
and the unsteady contribution from the developing pro� le near the
particle needs to be taken into account.

Boussinesq6 and Basset7 independentlyextendedStokes’ deriva-
tion to a case where the particle accelerates through the � uid due
to a constantgravitational force. Oseen8 contributed to the previous
work of Boussinesq6 and Basset,7 concentrating (with little suc-
cess) on the extension of the previous equations to higher Reynolds
number Rep numbers. The particle equation of motion with a con-
stant forcing (the gravity term) is usually referred to as the BBO
equation, due to the original contributionsof Boussinesq,6 Basset,7

and Oseen.8 The BBO equation is an integro-differential equation
that has a removable singularityin the integrandof the history term.
Boggio9 invertedtheBBO equationto derivethevelocityhistoryof a
small particle moving under the in� uence of gravity in an otherwise
quiescent � uid. This classical result remained the only closed-form
solution of the unsteady motion of a small particle in suspension
until very recently.

Tchen1 dealt with the problem of modifying the BBO equation
for the case of a uniform but time-dependent freestream � ow� eld
(the freestream � ow� eld is also called background or unperturbed
� ow� eld in this work). The resulting equation, valid for the limit
of in� nitesimal particle Reynolds number Rep and for uniform un-
steady background � ows, relates the transient acceleration of the
particlewith the time-dependentfreestreamor background� ow ve-
locity. In this work, this equation is called Tchen’s1 � rst equationof
motion.

In terms of the relative velocity w D v u, where v and u are the
particle and the � uid velocity, respectively, Tchen’s1 � rst equation
of motion is written as

dw

dOt
C kw C

r
9®

2
k

(
1p
¼

Z Ot

1

dw
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d¾p
Ot ¾
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D Gk .1 ®/k
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dOt
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where velocities are made dimensionless by the � ow characteris-
tic velocity U0. Time is made dimensionless by de� ning a particle
characteristic time ¿p given by 2½pa2=9¹. Here, a is the radius of
the spherical particle, ½p is the speci� c mass of the particle, and ¹
is the dynamic viscosity of the � uid.

The common practice of neglecting the history term in Tchen’s1

� rst equation has its roots in that, for particles of considerablesize,
the convectiveterms become important, and the drag force presents
a nonlinear dependence on the relative velocity. This nonlinear de-
pendencecanbe accuratelycorrelatedfor the steady-statedragbut is
unknownfor the unsteadyterm. (For currentefforts in modifyingthe
kernel of the history term to include convective effects, see Refs. 5
and 10.) Because there is no analytically derived equation describ-
ing the motion of a particle at high particle Reynolds number, there
seemed to be little justi� cation for considering the unsteady drag
term. In fact, most currentcalculationsuse empiricalcoef� cients for
the steady-statedrag coef� cient and neglectcompletelytheevolving
pro� le around the particle,even thoughthe higherReynoldsnumber
Rep correction for the steady-state drag coef� cient is not related to
the evolving pro� le, but only to convective effects.

On the analytical side, two new developments were worth of
attention.These were the correct derivationof the momentum equa-
tion for small particles in a nonuniform � ow, and the calculation
of the drag force form for small, nonspherical ellipsoids.11 14 The
analytical attempts to extend the Stokes limit to higher Reynolds
numbers met little success,4;8 and no analytical expression for the
momentum equation of particles of any density moving at high par-
ticle Reynolds number (Re p > 10) in unsteady � ows is known to be
accurate. Recently, Kim et al.5 simulated numerically the convec-
tive � ow arounda heavy solid particle by solving the Navier–Stokes
equations and modi� ed the kernel of the history term for the range
1 > Re p > 100.

The � rst relevant work on the derivation of a particle equation
of motion valid in non-uniform � ows is also due to Tchen,1 who
includedan extra term relatingthe Laplacianof the undisturbed� ow
velocityto accountfor the effectof backgroundvelocitygradientson
the particle acceleration.Many other authors studied Tchen’s work
and modi� ed the equation proposed by Tchen to account properly
for the roles of the pressure gradient and of the � ow nonuniformity
on the force exerted by the � uid on the particle.15 18 Maxey and
Riley19 derived a consistent equation of motion for a small particle
in nonuniform� ows. Some additionalmodi� cationsof this equation
for nonsolid particles have been suggested in recent years.10;18

Some conclusions can be drawn from looking back at these pre-
vious works concerned with the derivationof a particle momentum
equation for unsteady � ows. First, the unsteadinessof the evolving
� ow� eld aroundthe particleadds greatcomplexityto thedescription
of the velocity history of the particle, and so it is important to deter-
mine exactly when the history effects are important and when they
can be neglected.Second, the only term that is signi� cantly affected
by the considerationof nonuniform� ows is the time derivativeof the
background � ow velocity, which becomes a substantial derivative
of the � ow velocity at the position of the particle. The substantial
derivative makes the equation nonlinear. However, one expects the
relationshipbetween the steady-stateand the history drag terms not
to be greatlyaffectedby this modi� cation, so that conclusionsabout
the relative importance of individual terms in the equation drawn
from the study of uniform � ows can be extrapolated to nonuniform
� ows. Third, the attempts to derive an equation valid in nonuniform
� ows diverted the attention from Tchen’s1 � rst equation of motion,
so that this equationwas never solved analyticallyfor a uniformbut
generic background � ow until very recently.20

The third conclusion stemming from the preceding paragraph is
of great relevance because Tchen’s equation1 has all of the terms
of the Maxey–Riley equation,19 with the exceptionof the nonlinear
substantial derivative and the generally small Faxén corrections.
The term represented by the substantial derivative in the Maxey–

Riley equation is reduced in Tchen’s1 equation to a time derivative
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of the � uid velocity (and valid for uniform or linear background
� ows).

Before the work of Coimbra and Rangel,20 the only known ana-
lytical solution for the particle velocity including the history drag
was the one derivedby Boggio.9 The procedureused by Boggio, and
then repeated by Sy et al.,21 was to solve the equation of motion in
Laplace space and then invert back the � nal solution to time–space.
Perhaps because the solution of the integro-differential equation
with constant forcing (the gravity acceleration term) was involved,
no successful attempts to solve the equation with a time-dependent
forcing term were carried out.

Konopliv22 Laplace-transformed the � rst-order integro-differ-
ential equation of motion for the quiescent-�uid case into a
second-orderdifferentialequation.Michaelides23 followedthe same
procedure, but considered the more involved time-dependent forc-
ing term, instead of the equation with constant forcing considered
by Konopliv.22 Michaelides23 developed a Laplace-transformation
ofTchen’s1 � rst equation,arrivingat a second-order,ordinarydiffer-
ential equation (ODE) for the relative velocity between the particle
and the background � ow velocity. Michaelides23 used a standard
Runge–Kutta method to solve the equation with unsteady forcing
for both the gravitationally induced motion and for a sinusoidally
oscillating � ow for two oscillating frequencies and two � uid-to-
particle density ratios.

Because of the implication to turbulent � ows, many authors have
focused their attention to particle motion in harmonic Stokes � ows.
Landau and Lifshitz24 determined the total drag acting on a small
particle that moves harmonically through a quiescent � uid. This
problem has important physical implications because it represents
one of the simplest particlemotions for which the history drag does
not asymptote to zero for long times. The derivation presented in
the work of Landau and Lifshitz focuses on the drag force for a
particle that is moving harmonically in time. The relative velocity
between the particle and the far-� eld � ow in this case is exactly
described by a sinusoidal function because the background � ow is
quiescent. Other authors have since analyzed a more realistic case
where the background � uid velocity is sinusoidal in time, and the
particle is allowed to move under the forces acting on it. This is
the problem under study in the present work. Virtual mass effects
are included in the analysis as well as the Stokes and history drag
forces. We will show that an analytical solution for the velocity of
the particle can be found including initial transient effects. Previous
works focusingon theharmonicmotionofa singleparticledealtwith
the stationary motion,25 28 which represents the long-term solution
only, neglecting the initial transient.

Tchen1 presenteda solutionof his � rst equation of motion for the
stationary case and using Fourier analysis (and not the stationary
solution) studied the in� uence of the history term in the motion of
the particle. Hinze25 followed a similar procedure, but represented
both velocities of the particle and of the � uid as Fourier integrals.
This procedure allows the calculation of approximate amplitude
ratios (neglecting an integral phase difference) and phase angles
between the particle and the � uid. The procedure used by Hinze is
essentially repeated in the work of Hjelmfelt and Mockros,26 where
a more thorough study of the in� uence of individual terms in the
equation of motion is presented. Chao28 used yet another method
to study the equation of motion in the stationary case. In his analy-
sis, Chao Fourier-transformedTchen’s1 � rst equation of motion for
the stationary case and derived the form of the Lagrangian autocor-
relation coef� cient. The ratio of particle-to-�uid diffusivity found
throughChao’s analysis28 is identical to the one found originallyby
Tchen.1 Chao28 also compared his results with more trivial results
found by Soo16 (who neglected the pressure gradient effect, virtual
mass, and history drag forces) and Friedlander29 (who neglected the
virtual mass and history drag forces in his analysis).

Coimbra and Rangel20 applied a multiple-timescale, fractional-
differential linear operator to Eq. (1) transforming it into a second-
order ODE and then, using variation of parameters, solved exactly
the equationof motion for a small particle in unsteady Stokes � ows.
The solution presented by Coimbra and Rangel20 was derived in
detail for an initial condition of zero relative velocity between the
particle and the � uid. The general solution for an arbitrary initial

velocity is shown in the present paper, as a simple extension of
the Heaviside problem treated in the original paper.20 The general-
ization of the solution for this case is important because it shows
that the Laplace transformationof the integro-differentialequation
for a generic initial condition as performed by Michaelides23 is not
necessary. It suf� ces to derive the solution of the equation for zero
initial velocity and then superimpose the particular solution to the
Heaviside problem for a given nonzero initial velocity.

To validate the general solution, three particular � ow� elds were
analyzed in Ref. 20. These three � ow� elds are the gravitationally
inducedparticlemotion, the motion of a particle in a � uid that accel-
erates linearly in time, and the impulsive start motion of a particle
that accelerates in response to a sudden change in velocity of the
background� uid velocity.For these � ow con� gurations, the history
drag term in the particle equation of motion was asymptotically
zero for long times, as opposed to the problem treated in the present
work. In the case of harmonic Stokes � ows, the history drag term
(which is shown below to be proportional to the half-derivative of
the relative velocity) is always being regenerated by the continu-
ous contributionof the integer and fractional time derivativesof the
relative velocity.

The history term (in curly brackets) in Eq. (1) is identi� ed as the
Riemann–Liouville–Weyl half-derivative of the relative velocity w
(see Ref. 20). The Riemann–Liouville–Weyl half-derivativeof f .Ot/
is de� ned as
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Thus, Eq. (1) is equivalent to
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To solve Eq. (3) exactly, two conjugate three-timescale linear oper-
ators 9§ are de� ned20:

9§ D d

dOt
§
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d
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so that the equation of motion can be rewritten as

9C.w/ D Gk .1 ®/k
du

dOt
(5)

To make this equation analytically tractable, the conjugate linear
operator 9 is applied to Eq. (5):

9 [9C.w/] D 9

µ
Gk .1 ®/k

du

dOt

¶
(6)

The linear operation described in Eq. (6) results in a second-order
nonhomogeneous linear ODE with constant coef� cients.20 Note
that, in transforming Eq. (5) into Eq. (6), no extraneous solution is
introduced because the additional initial condition needed to solve
the second-order equation is taken directly from the original � rst-
order integro-differentialequation.20 The lower limit of the integral
term in Eq. (1) is in fact an initial condition.The second-orderequa-
tion can be solved exactly by the method of variationof parameters.
The mathematicalnature of the general solutiondependson the sign
of the discriminantof the characteristicequationassociatedwith the
homogeneous part of the second-order equation. The critical � uid-
to-particle density ratio for which the mathematical nature of the
solution changes character is ®c D 8

5 . The general solution of the
particle equation of motion for values of ® larger than ®c is



1676 COIMBRA AND RANGEL

w. Ot / D
µ

1 C

r
9®

21
k2

³
eR Ot erfc.

p
R Ot /p

R

eQ Ot erfc.
p

Q Ot /p
Q

´¶
G

C .1 ®/
.eQ Ot eR Ot /p

1
k Pu.0/

C .1 ®/

r
9®

21
k2

³
eR Ot erf.

p
R Ot /p

R

eQ Ot erf.
p

Q Ot /p
Q

´
Pu.0/

C .1 ®/keR Ot
p

1

Z Ot

0

"
e R¿

Ár
9®

2¼
k

Z ¿

0

Ru.¾/ d¾p
¿ ¾

Ru k Pu

!#

d¿

.1 ®/keQ Ot
p

1

Z Ot

0

"
e Q¿

Ár
9®

2¼
k

Z
¿

0

Ru.¾/ d¾p
¿ ¾
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whereas for ® smaller than ®c , the solution is
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In Eqs. (7) and (8), the particle is assumed to be in dynamical equi-
librium with the background � ow at Ot D 0, so that w.0/ D 0. Con-
sideration of a generic initial condition is trivial from the solution
of the step-function (Heaviside) problem derived by Coimbra and
Rangel.20 The dots denote integer derivatives with respect to Ot or
with respect to the dummy variables of integration ¾ or ¿ . The
following coef� cients are used in Eqs. (7) and (8) to simplify the
notation:b D .2k 9®k2=2/; 1 D b2 4k2; Q D . b

p
1/=2; and

R D . b C
p

1/=2. The general solutions of the equations of mo-
tion (7) and (8) are particularized to harmonic Stokes � ows in Sec.
IV, and the exact solution is compared to the solution found when
history effects are neglected.

In Sec. III of this paper, a scaling analysis is performed to derive
the frequency range for which the history drag term is important.
The scaling analysis shows three different frequency ranges distin-
guished by the relative importance of the forces in the equation of

motion.The low-frequencyorStokes dragrangeis dominatedby the
steady-state Stokes drag. At an intermediate frequency, the virtual
mass, history,andStokesdragforcesareof the samemagnitude.This
intermediate frequency range is called in this work critical or vis-
coelastic frequency range. At higher frequencies,only virtual mass
effects are dominant, and thus, this high-frequencyrange is denom-
inated here virtual mass range. For the scaling analysispresented in
Sec. III, the relativevelocity is assumed to behave sinusoidally.This
assumption is later con� rmed by the exact solution of the problem
presented in Sec. IV.

III. Relative Scaling of the Virtual Mass,
History, and Stokes Drag Forces

Consider the motion of a particle subjected to a freestream � ow
that behaves sinusoidally in time. After the initial transient caused
by the initial condition w.0/ D 0, the particle engages in a motion
that can also be very closely approximated by a sinusoidal wave.
For scaling purposes, it is considered here that the relative velocity
w can also be approximated by a sinusoidal function with the same
frequency of the background � uid velocity but with amplitude b
and a phase difference. In Sec. IV, the exact analytical solution of
the problem is presented, and the scaling analysis performed in the
present section is discussed. The virtual mass, history, and Stokes
drag forces are thus given by
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Note that for the history drag force, the generalized chain rule for
fractional derivatives is used. The chain rule for a generic differin-
tegral operation is given by30
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where the last summation extends over all combination of nonneg-
ative integer values of Pk such that

nX

k D 1

k Pk D n (13)
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For g.x/ D !x , the generalized chain rule gives simply
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The relative scaling of the three dimensionless forces is, thus,

hj fVMj : j fH j : j fStji D
«
S : 3S

1
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¬
(16)

where S D ®!=2. The maximumin� uenceof thehistorydrag occurs
when @fj fH j=.j fVM C fH C fStj/g=@S D 0, which corresponds to
S D 1 or ®! D 2. Note that, taking into account the different
phases of the three forces, the amplitude of the total force is
j fVM C fH C fStj D .S2 C 3

p
2S3=2 C 9S C 3

p
2S1=2 C 1/1=2. The

scaling relation (16) shows that when S » 1 the amplitude of the
history drag force is approximately three times larger than the am-
plitude of the virtual mass and the Stokes drag forces. When the
value of S is much smaller than 1, the Stokes drag dominates. For
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Fig. 1 Relative scaling of the virtual mass, history, and Stokes drag
forces.

values of S much larger than 1, the virtual mass force (caused by
pressuregradients) is dominant.Figure 1 showsgraphicallythe con-
tribution of the three individual forces as a function of the scaling
number S.

Note that the scaling number S does not dependon the density of
the particle. The dimensionless number that governs the scaling of
the forces is

S D ®!=2 D .Ä=º/.a=3/2 (17)

where Ä is the dimensional forcing frequency.
Note that the presentscaling analysisgives only a limited view of

the actual behavior of the particles.This is becauseonly the relative
scaling of the forces that depend on the velocity driving potential
is determined by the analysis. The actual velocity response of the
particle can only be determined from the solutionof the equationof
motion including the initial transients.

IV. Stationary Analysis
The stationary regime, that is, the solution of Eq. (1) neglect-

ing the initial transients, has been studied by several authors in the
past.1;25 28 Although the speci� cs of the techniquesused by the pre-
vious authors vary, the basic idea is the same: The velocity of the
background � uid and the velocity of the particle are expressed as
sinusoidal functions. In particular, these velocitiescan be expressed
as Fourier integrals of the form25;26

ui D
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0

.³ cos ! Ot C ¸ sin ! Ot / d! (18)

vi D
Z 1

0

.Â cos ! Ot C ’ sin! Ot / d! (19)

The velocities given by Eqs. (18) and (19) are then forced to satisfy
Eq. (1), and the velocity of the particle is then expressed as
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where
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p
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Á D tan 1[g2=.1 C g1/] (22)

The two auxiliary functions g1.S; ®/ and g2.S; ®/ are calculated
from the algebraic substitution of Eqs. (18) and (19) into Eq. (1)
(Ref. 25). The main results of the stationary analysis are shown in
Fig. 2, which shows the particle-to-�uid amplitude ratio ´ and the
phase difference Á as a function of the scaling number S.

In crystal growth processes, the value of ® is typically close to
unity. Figure 3 shows that the maximum phase difference for the
case of ® D 2 is 5.85 deg, which occurs for S D 1:41 (conditions

Amplitude ratio

Phase difference

Fig. 2 Different values of ®.

a)

b)

Fig. 3 Amplitude ratio and phase difference for ® = 2.

found for, e.g., f » 85 Hz in a 40 cS solution and for a particle ra-
dius a D 1 mm). For S D 1 . f » 60 Hz, same conditions as earlier),
the phase advance of the light particle in question is 5.78 deg. The
amplitude ratio for S D 1 is equal to 1.16 when history effects are
considered. The amplitude ratio is equal to 1.30 when history ef-
fects are neglected.The small values for the phase difference in this
particular case make the simpli� ed scaling analysis for the ratio of
the forces very accurate (see Figs. 2 and 3). Note that the preceding
negative phase differences indicate phase delay (heavy particles).
Conversely,positivephase differencesindicatephaseadvance(light
particles).

It can also be inferred from Fig. 2 that, for the case ® D 2 and
for S > 1000, the phase difference is negligible and the amplitude
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ratio approaches the asymptotic value of 1.50. Figure 3 shows the
comparisonbetween the long-termsolutionthat includesthe history
contributionand the one that neglects it, for the amplitude and phase
difference and for the case ® D 2. Note the signi� cant difference in
phase advanceobtainedwhen history effects are taken into account.
We will address the case ® D 2 in more detail with the full solution
of the equation of motion in the next section.

V. Solution of the Equation of Motion
for Harmonic Stokes Flows

The general solutions (7) and (8) are particularized to a back-
ground � uid velocity u D a sin.! Ot /, yielding for ® > 8
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and for ® < 8
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The terms multiplying w.0C/ in both Eqs. (23) and (24) relate to
a nonzero initial velocity.20 If the history term contribution is ne-
glected, the solution of the simpli� ed equation of motion is given
simply by (where subscript for no history is nh) is

wnh.Ot / D .1 e k Ot /G Pke k Ot

Z Ot

0

ek¾ Pu.¾/ d¾ Cwnh.0C/e k Ot (25)

which gives for a sinusoidal background velocity

wnh.Ot / D a!k.1 ®/

k2 C !2
[ke k Ot k cos.! Ot / ! sin.! Ot /]

C wnh.0
C/e k Ot (26)

Figure 4 shows the particle velocity behavior given by solutions
(23–25) for different values of the � uid-to-particle density ratio
and dimensionless forcing frequencies for w.0C/ D 0. The range of
values of the product ®! covered in these Figs. 4 is [10 3 : 105],
varying from the steady-stateStokes drag regime to the virtual mass
forceregime.The thicklines in Figs. 4a–4c indicatethe fullsolutions
(23) and (24). The thin lines indicate the behavior given by the no-
history solution (26). Figure 4 show the increasing in� uence of the
history term when the scaling number S approaches the value of 1
fromboth sidesof the spectrumof frequencies.Of particularinterest
is that the absolute maximum of the relative velocity w is always
smaller than the absolute maximum of its no-history counterpart
wnh, although it is of the same order of magnitude. After the initial
exponential decay, the amplitude of the relative velocity wnh is of
order !j® 1jk.k C !/=.k2 C !2/.

Another interesting feature shown in Fig. 4 is the phase differ-
encebetweenthe � uidvelocityand theparticlevelocity.For particles
heavier than the � uid, there is a phase lag caused by the inability
of the particle to respond rapidly to � uid velocity variations due to
its larger inertia. For the case of the light particles, the situation is
reversedbecause of the combined effect of the history drag and vir-
tual mass forces. The phase difference for light particles is positive
because the relative acceleration is very important to determine the
particle behavior. This becomes clear when it is observed that, for
a light particle, the particle velocity always changes sign before the
� uid velocity does it. If the force on the particle were only a func-
tion of the relativevelocity (as in the quasi-steadyformulation), this
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a) ! = 1

b) ! = 10

c) ! = 100

Fig. 4 Normalized particle velocities for different values of ®; thick
lines represent the full solutions (23) and (24) and the thin lines the
solution neglecting history effects (26).

behavior would not be predicted. The actual behavior of light par-
ticles shows how much the pressure and stress gradients due to the
time derivativesof the relativevelocityaffect the forceson a particle
with smaller inertia.

That light particles are heavily in� uenced by the time derivatives
of the relative velocity is clearly understood if one thinks of a sus-
pended bubble in a � uid moving with constant velocity. If the � uid
is moving for a time much longer than the response time of the

bubble (which due to virtual mass effects is better characterizedas
¿p=k), the particlewill move with zero relativevelocitywith respect
to the � uid. To a � xed observer, the bubble is moving with the � uid
velocity.Now, if the � uid acquires a constant negative acceleration,
the bubble also starts accelerating in the negative direction. After a
suf� cient time, the bubble reaches its terminal velocity associated
with the deceleration rate of the � uid. For the � xed observer, the
bubble will be moving with the decreasingvelocity of the � uid plus
its terminal velocity. When the velocity of the � uid reaches a value
equal to minus the terminal velocity of the bubble, the bubble is
at rest for the � xed observer. The time for the � uid to reach zero
velocity from that point on is a phase lag for the � uid: The bubble
is already moving with respect to the � xed observer, but the � uid
has not reached zero velocity yet. This simple example of linear
acceleration shows the importance of the combined virtual mass
and acceleration drag forces. The term acceleration drag was used
to describe the history drag1 but it is not very adequate because
of the half-derivative dependence on the relative velocity that the
history term presents, and not on the � rst derivative. The termi-
nology is, however, interesting for emphasizing the dependence of
bubble behavior on the acceleration of the � uid (or perhaps, on the
half-acceleration,too).

The phase diagrams shown in Fig. 5 show the initial transient
behavior of the particles before they attain an orbital trajectory.
As in Fig. 4, the thick lines represent the full solutions and the
thin lines the no-history solution. Because of their larger inertia,
the phase trajectories of particles with density larger than the � uid
converge inward from the circle that represents the trajectory of a
� uid particle. The light particles are con� ned to the region limited
by the � uid particle circle in the interior, by the [ 3 : 3] range on
the velocity axis, and by the [ 1=! : 6!] on the displacement axis.
Figure 5a shows the very different trajectory described by the full
solution and the quasi-steadysolution for ® D 10. The difference in
trajectories for this particular value of ® decreases as the forcing
frequency increases from Figs. 5a to 5c because this light particle
enters the virtualmass regime S À 10. The phase diagrams have the
advantageof accentuatingthe differencesbetween the curves for the
full solution and for the quasi-steady solutions when compared to
the usual velocity vs time representation.Note that all curves agree
with the scaling analysis of Sec. III in the sense that history effects
are important when the product S approaches the critical value of 1
and become less important when departing from this value for both
sides of the spectrum of S.

The constraint of small particle Reynolds number Rep places a
tight limit on the displacement amplitude for which it is possible
to reach the critical or viscoelastic regime (S » 1), where history
effects are dominant [see Eq. (17)]. The particle Reynolds number
Rep is given by

Re p.Ot / ´ ajV Uj=º D aU0jw.Ot /j=º D 9S» jw.Ot /j (27)

Equation (27) restricts the dimensionless displacement amplitude
of the background � ow » D 1x=a to satisfy the condition

» ¿ 1=9Sjw.Ot /j (28)

Equation (28) shows that to approachtheviscoelasticregime (S » 1)
in Stokes � ow for background � uid displacements larger than the
particle radius, the density of the particle has to be very similar to
the density of the � uid. If the � uid-to-particle density ratio devi-
ates even slightly from 1, the � uid displacement has to be only a
fraction of the particle radius. Thus, to comply with the restriction
on Reynolds number Rep for particles with density differing from
the density of the � uid and to have signi� cant history effects, the
displacement amplitude of the background� ow has to be of the or-
der of the radius of the particle, or smaller. If the amplitude of the
oscillations increase, the small Reynolds number Rep restriction is
not satis� ed, and the convective terms in the Navier–Stokes equa-
tion cannot be neglected. Because higher-order approximations on
Reynolds number Rep predict lesser effects of the history term con-
tribution with increasing Reynolds number Rep (Ref. 31), Eq. (28)
gives an upper bound for the amplitudeof displacementoscillations
that are strongly affected by the history drag. In other words, his-
tory drag effects in harmonic � ows are maximized when the forcing
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a) ! = 1

b) ! = 10

c) ! = 100

Fig. 5 Phase diagrams for different values of ®; thick lines represent
the full solutions (23) and (24) and the thin lines the solution neglecting
the history term (26).

frequency approaches the value Ä » 9º=a2 and for displacement
amplitudes smaller than the radius of the particle.

The behavior of Reynolds number Rep is shown in Fig. 6 for a
background� uid velocity u D a sin.! Ot / and for the case ® D 2 and
S D 1. It can be inferred from Fig. 6 that for zero injection velocity,
the stationary behavior is attained during the � rst half-period (one
crest). For the case of zero initial relativevelocity, the consideration
of history effects leads always to a smaller value of Reynolds num-

Fig. 6 Reynolds number Rep behavior for S = 1; ® = 2, and zero initial
velocity v(0) = 0.

v(0) = ¡ 1

v(0) = ¡ 10

v(0) = ¡ 100

Fig. 7 Reynolds number Rep behavior for S = 1; ® = 2, and nonzero
initial velocities.

ber Rep when comparedto the no-historyanalysis.Note also that the
� uid displacementhas to be of the order of 1

10 of the particle radiusa
to comply with the restriction Re p < 1. Figure 7 shows the behavior
of Reynolds number Rep for different (positive) injection veloci-
ties. For v D C1, the stationarybehavior is obtained only after a full
period (two crests). This case corresponds to an injection velocity
of the same magnitude of the velocity amplitude of the background
� ow. For v D C10, the stationary behavior is not attained even af-
ter three full periods. Note the sharp difference in initial decay rate
when history effects are considered. For v D C100, the oscillations
of the � rst two periods are almost completely suppressedwhen his-
tory effects are considered but are evident when history effects are
neglected.When history effects are neglected, the particle starts os-
cillating after Ot » 9:5, much earlier than the time predicted when
history effects are considered (Ot » 16:5). Figure 8 shows equivalent
plots for negative injection velocities v D 1; 10, and 100. Fig-
ure 8 shows a slightlydifferent behavior due to the phase difference
caused by the negative velocities. Note that when the amplitude of
jvj is much larger (jvj » 100) than the amplitude of the background
� ow (jaj D 1), the maximum value of Reynolds number Rep is
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v(0) = ¡ 1

v(0) = ¡ 10

v(0) = ¡ 100

Fig. 8 Reynolds number Rep behavior for S = 1; ® = 2, and nonzero
initial velocities.

Fig. 9 Initial decay for nonzero initial velocities; ® = 2.

underpredicted when history effects are neglected. This underpre-
diction is because the decay of the initial velocity effect is under-
predicted for short times and overpredicted for long times when
history effects are neglected.This becomes clear when the decay of
a generic initial particlevelocity is plottedas in Fig. 9. For jvj » 100,
the oscillations of the background � ow only become important for
long times (Ot > 5:5), which correspond to the range where the rela-
tive velocity is underpredictedwhen history effects are neglected.

VI. Implications to Lagrangian Simulations
of Turbulent Multiphase Flows

As a simpli� ed model, and in a modal sense, the smaller scales
of the frequency spectrum of turbulence can be approximated by
superpositionof harmonic oscillations.The restriction on displace-
ment amplitude found in the preceding analysis is, thus, relevant
to assess the effects of virtual mass and history forces in particle
dispersion studies. Recall that the equation of motion derived by
Maxey and Riley19 can only be applied to a particle in a turbulent

� eld if the restrictions on the particle Reynolds number and on the
Kolmogorov length scale hold. The preceding analysis shows that
the virtual mass contribution for particles with densities differing
from the � uid density is relevantonly when the displacementampli-
tude is of the orderof or smaller than the particle radius.Because the
Kolmogorov length scale of a turbulent � ow must be much larger
than the radius of the particle to make the formulation valid, virtual
mass effects in Eulerian–Lagrangian modeling of particle disper-
sion in turbulent � ows cannot be modeled with this approach for
any � uid-to-particledensity ratio much different than 1.

In fact, taking the Kolmogorov timescale ¿K as Ä 1 implies a
Kolmogorov length scale ´2

K D º¿K D º=Ä, which indicates that,
to satisfy ´K À a, the dimensional forcing frequency has to be
much smaller than ÄS D 1 D 9º=a2. This restriction implies that only
the particulate � ows that are in the steady-state Stokes regime
Ä ¿ ÄS D 1 satisfy the Kolmogorov length scale restriction. Thus,
when the Maxey–Riley19 equation can be employed to model tur-
bulence interactions with a particle, virtual mass effects are nec-
essarily unimportant. Because of the intermediate (half) scale of
the history term, the unsteady drag contribution can be important
if the Kolmogorov length scale is not many orders of magnitude
larger than the radius of the particle. This analytical argument gives
weight to the numerical results for heavy particles in homogeneous
turbulencepresentedbyMei etal.10 Note thatif theparticleReynolds
number is not much smaller than one, the kernel of the history term
has a much faster decay rate.31 However, one should not conclude
that the smallereffectsof thehistoryterm or the Faxén correctionsin
higher Reynolds number � ows are negligible for the determination
of particle trajectories.19;32

Note that there is an inherent incompatibility in using a station-
ary analysis to study the forces acting on a particle at small but
� nite Reynolds number Rep . This incompatibility arises because
of long-term effects of the velocity disturbance on the far stream
� ow� eld. The stationary analysis assumes that the particles and the
� ow are oscillating inde� nitely in time, and therefore, the back-
ground � ow cannot be assumed to be unperturbed by the particle
motion. In other words, if there is enough time for vorticity to be
diffused from the surface of the particle to the Oseen8 distance (see
Ref. 31) then convective effects may modify the far-stream con-
dition. This incompatibility was evident in the work of Reeks and
McKee,33 where it was shown that the Lagrangian particle–� uid
velocity correlations previously derived by Tchen,1 Chao,28 and
Hinze25 incurred an error. Reeks and McKee’s32 analysis showed
that, if the classicalkernel of the history term is consideredvalid for
long times, the initial conditionwould strongly affect the long-term
diffusion coef� cient of the particle. Mei and Adrian34 pointed out
that the history termdecayfor long timesat small but � nite Reynolds
number Re p has to be much faster than the classical t 1=2 result ob-
tained for in� nitesimal Reynolds number Re p , thus explaining the
apparent paradox. As mentioned before, the faster decay for long
times and � nite Reynolds number Rep has been con� rmed by other
investigations.5;31

Given the preceding discussion, it is clear that the relevance of
the stationary analysis for real � ows is limited. On one hand, the
stationaryanalysisneglects the initial transientsand, therefore,can-
not be applied in the short-term limit. On the other hand, the main
premise of the stationary analysis is in con� ict with the long-term
effects of the particle motion at � nite Reynolds number Re p , and,
therefore, the long-term predictions of the stationary analysis may
not representa goodmodel forparticlemotion. In general,theclassi-
cal history kernel given by Eq. (1) should not be used for long-term
predictions. However, at in� nitesimal Reynolds number Re p , the
classical kernel is relevant and accurate for short times. The present
work shows that an analytical treatment of the initial transients is
possible. All results shown in Figs. 4–9 refer to the short-time be-
havior where not enough time has elapsed for vorticity to propagate
to the Oseen8 distance.

VII. Conclusions
A fractional-calculus scaling analysis of the forces that depend

on the � uid–particle relative velocity in harmonic Stokes � ows past
a spherical particle yielded the value of a critical forcing frequency



1682 COIMBRA AND RANGEL

for which history term effects are maximum. The scaling analy-
sis is validated against the exact analytical solution of the particle
equation of motion for a harmonic background � ows. Depending
on the forcing frequency, the forces acting on the particle can be
dominated by either the steady-state Stokes drag (low frequencies)
or by virtual mass effects (at high frequencies). When the forcing
frequency is of the order of the critical frequency 9º=a2; all forces
are of same order of magnitudeand must be considered.The scaling
analysis also showed that the displacement of the � uid oscillations
must be of the order of the particle radius or smaller to satisfy the
small particle Reynolds number restriction.

The critical frequency for maximum history effects depends di-
rectly on the kinematic viscosity of the � uid and inversely on the
squareof the radiusof the particle.The analysisalso showed that the
required restrictionof ´K À a for using Eq. (1) to calculate particle
motion in turbulent � ows con� nes the use of this equation to values
of forcing frequenciesmuch smaller than the criticalvalueof 9º=a2:
Depending on the ratio ´K =a, history effects can still account for
a fraction of the total drag. In other words, Eulerian–Lagrangian
formulationsof particlemotion in turbulent� ows for which ´K À a
neednot includevirtualmass effects,evenforbubbly� ows.The his-
tory force effect can still be felt for � ows with a Kolmogorov length
scale that is not many orders of magnitude larger than the particle
radiusbecausehistoryeffectsdecayslowly for � ows departingfrom
the critical frequency range. When the Kolmogorov length scale is
many orders of magnitude larger than the radius of the particle,
history effects are also negligible. By the use of a different scaling
argument, Maxey and Riley19 indicated that the importance of the
history drag and the virtual mass term was indeed limited by the
Kolmogorov length scale restriction. The presented analysis shows
that a forcing frequencyof the order of the critical value of 9º=a2 is
never attained when ´K À a. If the restriction on the Kolmogorov
length scale is not satis� ed, Eq. (1) or its variations should not be
used, and conclusionson the relative importance of forces found by
use of this equation have no meaning.
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